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BROWNIAN MOTION AT A SLOW POINT

MARTIN T. BARLOW AND EDWIN A. PERKINS

ABSTRACT. If ¢ > 1 there are points T(w) such that the piece of a Brownian
path B, X(t) = B(T + t) — B(T), lies within the square root boundaries
+c+/t. We study probabilistic and sample path properties of X. In particular,
we show that X is an inhomogeneous Markov process satisfying a certain
stochastic differential equation, and we analyze the local behaviour of its local
time at zero.

1. Introduction. Call T(w) a slow point for a stochastic process X; if
(1.1) limsup |[X(T +6) - X(T)|6"?* <00 as.
50+

The existence of slow points for the Brownian path was first shown by Kahane
(1974). These results were refined by Davis (1983) and Greenwood and Perkins
(1983), who showed there exist times at which the lim sup in (1.1) equals c if ¢ > 1
but not if ¢ < 1. In fact there exist such times if ¢ = 1, but the situation in
this case is more delicate (see Davis and Perkins (1985)). In this paper we study
probabilistic and sample path properties of Brys — Br, where T is a slow point of
the Brownian motion, B. Such a process is of interest not only because it arises
naturally within a Brownian path but also because it is the weak limit of a sequence
of random walks conditioned to stay inside square root boundaries (see Greenwood
and Perkins (1984)).

To describe the setting of this paper, we recall some results from Greenwood
and Perkins (1983, 1984). Assume ¢; < c2 are real constants and let A denote the
differential operator (d?/dz? — zd/dz). The Sturm-Liouville equation

AY = -\, w(ci) =0, =12,
has a sequence of distinct negative eigenvalues, {—A,(c1,c2)|n = 0,1,2,...}, de-
creasing to —oo, whose corresponding (simple) eigenfunctions, {,(c1,c2)}, form
a complete orthonormal system in L2([cy,c2],m), where m(dz) = e~%"/2dz. We
may, and shall, take vo(c1, c2) to be strictly positive on (cy,cz2). Let

0ct, c5) = / ? wo(er, ¢2)(x) dmi().

Ao(c1, c2) is strictly increasing in ¢; and decreasing in ¢z, and Ag(—1,1) = 1. These
and further properties of {\,} may be found in Perkins (1983, p. 371). We will
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for the most part be interested in the case (c¢1,c2) = (—c¢,c), where ¢ > 1, and
therefore Ag(c) = Ao(—c,c) < 1. We will write ¥, (c) and 6(c) for 9, (—c,c) and
6(—c,c) and often suppress dependence on ¢, which, unless otherwise indicated, is
assumed to exceed 1. Now let {X;|¢ € N} be i.i.d. mean zero random variables
such that E(X?) =1 and E(X?log*(X;)) < oo (log™ z = (logz) v 0). Introduce
the following notations:

"
Sn=3_Xi To=0, Ty =min{n>T]|S, —Sp|>c(n-T;)"?},
1=1

by =T(1=X)P(Ty >n)7t,  S™(t) = Sppyn=1/2
([nt] is the integer part of nt),

La(t) =) I(Tin™* < )b 1.
1=0

If v > 0, D([0,v],R%) and D([0,0),R?) denote the spaces of R%-valued right-
continuous functions with left limits on [0, v] and [0, 00), respectively, with the J;-
topology of Skorokhod (see Billingsley [3, p. 111]). Let C([a, 8],R?) and
C([0,00), R?) denote the spaces of R?-valued continuous functions on [a, 3] and
[0,00), respectively, with the topology of uniform convergence on compacts. If
d = 1, we simply write D[0,v],C[0,00), etc. If X(-,w) is a stochastic process
on a complete probability space with sample paths in D([0, c0), R?) (respectively,
C([0,00),R%)), let {FX|t > 0} denote the smallest filtration, satisfying the “usual
hypotheses”, for which X is an adapted process, and let Px denote the law of
X on D([0,00),R9) (respectively, C([0,00),R?)). We will also use the notation
{7X|u € R} in the case when X is indexed by the real line.

Theorem 13 of Greenwood and Perkins (1983) shows that (S(™), L,,) converges
weakly on D([0,00), R?) to a continuous process (B, L). Let ({2, ¥, P) denote the
completion of (C([0,00), R?), Borel sets, Pg,r)) and % = ?t(B'L). The result
mentioned above also shows that

(1.2a) B is an {#}-Brownian motion (By = 0).

(1.2b) L is nondecreasing, and its right continous inverse, 7, is a stable subordi-
nator of index Ag, scaled so that E(e=*"(1)) = ¢=%"°,

(1.2c) For a.a. w and all t > 0,

|B(r(t=) +u) — B(r(t-))] < cv/u for u € (0, A7(t)),
|B(7(t)) — B(r(t-))| = c/ Ar().
(1.2d) If 7= (t) = sup{r(u)|r(u) < t}, 71 (¢t) = inf{r(u)|r(u) > t},
A(t) =t —7—(t), and Y (t) = B(t) - B(r—(t)), then F*¥) = 7 and

(A,Y) is a homogeneous strong Markov process whose transition
probabilities are given in Greenwood and Perkins (1983, p. 244).

Therefore {r(t~)|7(t~) < 7(t)} are all slow points for B. However, these are not
all the slow points of B or even all the slow points for which the left side of (1.1)
is at most c, since the latter is a dense set of Hausdorff dimension 1 — Ag(c) > 0
[Perkins (1983)]. The above results allow us to decompose the Brownian path into
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excursions corresponding to the flat spots of L and during which the path stays
inside square root boundaries. It is these excursions that we wish to study.
For v > 0 let

U, = inf{t|A7(t) > v}, S, =7(U,—) and X®(t) = B(S, +t) — B(S,).
Then [Greenwood and Perkins (1984, Theorem 9, Corollary 11(a))]
(1.3) P(S™e . Ty > nv) % P(X™e.) on D[0,v] as n — oo

(% denotes weak convergence). The intuitive idea of considering X(*) as a Brown-
ian motion conditioned to stay inside [—cv/%, cv/?] for t < v is reinforced by

THEOREM 1.1. If B™(.) = B([n-]/n), then

P(B™c¢ .| |B(i/n)| < ¢(i/n)/? fori=0,...,[nv])
% P(X®™e.) on D[0,v] as n — oco.

PROOF. Let {X;} be normal random variables in (1.3). O

Although many properties of X(*) may be inferred from the above results, its law
has never been described explicitly. In §2 we show X(*) is an inhomogeneous strong
Markov process, find its transition probabilities and show that, as v — oo, X®)
converges weakly to a process, X°°, that is in many ways simpler to study. In
particular, X is the unique solution of the stochastic differential equation

wenef (95 %

where (3 is a Brownian motion (Theorem 2.6(b)). To obtain the analogous equation
for X(*), we apply a “grossissement d’une filtration” [see Jeulin (1980)] in §3, which
shows, in particular, that X(¥) is a semimartingale.

In §4 we study the behaviour of the local time of B at a slow point. If LF(Y)
denotes the local time of a semimartingale Y in the sense of Meyer (1976), then it
is well known that

-1/2
(1.4) lim sup L(B) (26 log log -1—> =1 as,
50+ 6
6
- _ 1 if0>1 as.
0 1/2 Z) = ]o%0 1 »
(15) lim inf L5(B)S <l°g 5) {0 if 9 < 1.

These results follow from Lévy’s equivalence between L? and sup,.s B,, Khint-
chine’s law of the iterated logarithm and Lévy’s escape rate for the one-sided max-
imum [Lévy (1939, p. 334)]. At a slow point T, however, it is feasible that the
conditioning could cause the local time at B(T) to increase more rapidly and thus
effect (1.4) or (1.5).

Notation. a(c) = [2(Ao(0,¢) — do(—c,¢))]™L, ¢ > 0.

THEOREM 1.2. (a) a is strictly increasing on (0,00) and increases to 1 as
¢ — 00.
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(b) For a.a. w and all t such that 7;—(w) < 1¢(w),

~1/2
(i) lim sup(Lﬁ(_T_‘Q) — LB(n-)) <26 log log 1) =1,
50+ 6
6 .
s o B(rio) _ [ B(re_)\5—1/2 1\" _ [oo 40> e(c),
(@) Hminf(l,, s - L7708 (log 6) {0 6 < afc).

This is proved in §4 by analyzing the local time of X*°. The fact that condi-
tioning the sample paths to lie inside square root boundaries has affected the lim
inf but not the lim sup is not so surprising. The small values of LY occur during
the long excursions from zero, and the conditioning clearly affects the asymptotic
occurrence of such excursions. On the other hand, the large values of LY occur due
to a preponderance of zeroes, and the conditioning has little effect on the process
when it is at zero.

Finally, in §5 we study the behaviour of stochastic integrals at a slow point.
The general question as to whether or not sample path singularities of B(-,w) are
also singularities for the stochastic integral H - B(-,w) is considered in Barlow and
Perkins (1985). In particular, that work considers the sets of rapid and slow points
for a process Z defined by

-1/2
R(Z) = { t|limsup|Z;+5 — Z4] <5logl> >0
§—0+ 6

and
S(Z) = {t]limsup]ZHg - Zt|6_1/2 < OO},
§—0+

respectively, and shows that

(1.6) If H(t,w) is nonzero, predictable, locally bounded and continous in t, then
R(H - B) = R(B) as.
(1.7) If H(t,w) is nonzero, predictable, locally bounded and satisfies

|H(s) — H(t)] < K(log(1/|t — s])~*/? for some K > 0,

then S(H - B) = S(B) as.

It is natural to ask if these results are best possible. In particular, are there
cases where R(H - B) and R(B) coincide a.s. but S(H - B) # S(B) a.s. Such an
example is given in (b) of

THEOREM 1.3. (a) If H s locally bounded, {# }-predictable and satisfies
1\ /2
limsup |H(t + 6) — H(t)| <log log 5) < oo forallt>0a.s.,
§—0+

then {r_|n— < 7,t >0} C S(H - B) a.s.

(b) If 0:[0,00) — [0, 1] is strictly increasing near 0, continuous, 6(0) = 0, o(t?)
is concave and lim, o4 o(t)(log log 1)1/2 = oo, then there is a bounded {%}-
predictable process, H, such that

(1.8) |Hs — Hy| < Kr(w)o(|t — s))
for all0 < 5,t < T and some Kr(w) < oo for allT > 0 a.s.
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and
(19) {Tt...th_ < Tt,t 2 0} n S(H . B) =0 a.s.

The proof is given in §5. The continuity condition in (1.7) is stronger than that
in (a) but so is the conclusion. We conjecture that there are bounded predictable
integrands, H, satisfying the hypotheses of (a) but for which S(B) ¢ S(H - B).

It will be convenient to let B = (ﬁ, 7, %, B,,0,, P?) denote the canonical repre-
sentation of Brownian motion on (! = C[0,00). Recall that

(1.10) Z(u) = B(e* — 1)e™*/?

is then an Ornstein-Uhlenbeck process with generator A.
For a given process Z, indexed by [0,00) or R, let

T5(0) = inf{t > 0|2, = 0}.

I(A) will denote the indicator function of the set A, and the value of K, used to
denote several unimportant constants, may change from line to line.

2. The law of Brownian motion at a slow point. We start with a prelim-
inary result, most of which is proved in Greenwood and Perkins (1983).

PROPOSITION 2.1. (a) For every v > 0, X (tv)v=1/2 and X(V(t) have the
same law on C(0,1].

(v
POXO(1) < 4) = [ do(e)(y) m(dy) B(e) ™ Iyl < o)

(c) If U, = min{s € N||B(i/n)| > c(i/n)'/?}, then there is a slowly varying (at
00) function m such that

P(U, > k) = P(Ur > k) = m(k)k0(),
PROOF. (a) Fix v > 0 and define a new Brownian motion, B, by
B; = (n/[nv])Y?B(t[nv]/n).

Let U, be as in (c) above but with B in place of B. If ¢ is bounded and continuous
on D|0,1], then by Theorem 1.1,

Boex ) = Jim & (6 (8 (L)) vy > 1l

= nan;oE (d) ( (ﬁ)l/zé <[nv[nzﬂ>) l U, > [nv])

= E(¢(v"2X®)(v.))) (Theorem 1.1).

For (b) and (c), see [10, Theorem 5. O
It is now a fairly straightforward matter to use the above and Theorem 1.1 to
describe the law of X (),
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THEOREM 2.2. {X®)(t)|t € [0,v]} is an inhomogeneous Markov process start-
ing at zero. If ¢ is bounded and measurable, the transition functions

P{¢(z) = BE(¢(X)| X = 2)
are given by
(2.1) P®¢(z) = E*(¢(Bs-o)| | Bul < clu+ )2 V0 <u<v—3s),
if0< s<tand|z| <cys,

C
(22) P{¢(z)= [ ¢(¢V2y) P Y(|Bu] < c(u+ )2 WO <u < v —t)

xto(c) (y)m(dy)b(c) " (v/t)*), o<t

PROOF. Fix a bounded, continuous function, ¢, on the line and ¢t € (0,v]. Let
tn = [nt], v, = [nv] and

pn(y) = PY(IB(i/n)| < c(i/n+ to/n)/? for i = 0,1,...,0n — ).

Theorem 1.1 implies

s =2 (o(2 ()1 (o ()] (2)”

foriztn,...,vn)

U, > tn)
U > 1) 2 (1)

PY(|B,| < c(u+t)Y? Vu < v —t but |B,| = c(u+t)"/? for some u <v—1) =0

X P(Up > tp)P(Up > v,) 7!

- tm £(s(5(2))m (B(%))

by Proposition 2.1(c). Use the fact that

to show that if y, — y then p,(yn) — pt(y), where
pe(y) = PY(|Bu| < c(u+t)/2 Yu<v—t).

Therefore Theorem 5.5 of Billingsley (1968), Theorem 1.1, Proposition 2.1 and the
above imply that

E(¢(X™ (1)) = E($(XD()pe(XD (1)) (v/t)

= _c &t %y) pe (£ y) o (y)m(dy)0 " (%)Ao ‘

(2.3)

Now, in addition, fix 0 < 8y < -+ < s; = s < t and a bounded continuous
nonnegative function, p, on R7. Let s;, = [ns;], s, = [ns] and

pn(y) = E¥((B((tn — sn)/m)I(1B(i/n)] < c((i + sn)/n)"/?

fori=0,1,...,v, — 8p))-
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Then
E(e(XM)p(X, ..., X))

g Sin sin)\ 5. (B (%
04 = Jim B (o (B(52) . B (%2)) 5a (B (33))|Un > on)
X P(Up > 8p)P(Up > v,) 7!
= E(p(X{,..., X{)p(XE)) (v/s),
where . ~
py) = E¥($(B(t — 9))I(|B(w)| < c(u+5)"/? Yu < v ),
and we have used Theorem 1.1, Proposition 2.1 and [3, Theorem 5.5] as before. If
¢ =1, we get
(2.5) E(p(X®), ..., X)) = E(p(X(), ..., X{)ps (X)) (v]5)°.
By replacing p with p(y1,...,y;)8(y;)/ps(y;) in (2.5) (note that (2.5) now holds
for any nonnegative measurable p), and combining this with (2.4) we obtain
E($(X)p(XE, .., X)) = E(p(XD, .., XE)AX D)oo (XE)
= E@(X")IX{,u < 8) = 2 (X()

= BN (§(By-o)| |Bu] S clu+9)/2Vu<v—3) as.

This proves (2.1), and since (2.2) is immediate from (2.3), the proof is complete. O
Notation. If ¢; < cg, let

p(c1,c2) = inf{t|Z, & [c1, 2]}

and write p(c) (or p) for p(—c, c) as usual.
It is well known (e.g. see Perkins (1983, Lemma 10(a)) and Proposition 2.4 below)
that for some K = K(c1,c2),

(2.6) P=(p(c1,c2) > t) = e 2ole1eD)t(9(cy, ea)ipo(e1, 2)(2) + 7(t, 2)),
where |r(t,z)| < Ke~(A1(c1.ea)=doler,ea))t,

THEOREM 2.3. (a) If 0 < s < v, then Px() and Px(v)IC[o,s] are equivalent

probabilities on C|0, s] with
Py = pX/Ve (p(c) > log (g)) (E)AO(C) .

dPX(s)

(2.7)

C[0,s]
(b) X 5 X on C[0,00) as v — 0o, where the law of X is given by

dPx oo %
henitchal = >0 P -a.8.
dPx ) |c(o,s) Yo ( Vs x(s)-a.3

(2.8)

Moreover, X*° 1s an inhomogeneous Markov process starting at zero with transition
functions

(29)  Pisé(z) = E*/V?(¢(VtZ(logt/s))wo(Z(logt/s))I(p > logt/s))
X po(z/V8) " (t/s), fO0<s<t, |z] <cy,
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(2.10) Po:9(0) = [ ¢(Vity)po(y)® m(dy).
Finally,
(2.11) |X°| < cy/s foralls>0 as.

PROOF. (a) This is immediate from (2.5) and a short computation.
(b) (2.6) and the above show that for each s > 0,

. dP (v) ,58)
lim X = 6yYy a.s.
clo,s] Vs

v—00 dP X (s)
Proposition 2.1 shows that the above limit integrates to 1, and so for s fixed
{dPx /dPxw|cjo,slv > s} is uniformly integrable. Therefore Py — Q)

on C|0, s] as v — oo, where
dQ(® (s)
— =0 .
dPX(s) 11)0 \'/3

Since s > 0 is arbitrary, X(*) % X° on C[0,00) as v — oo, where Pxe satisfies
(2.8). (2.11) is now a consequence of (2.8) and the fact that | X(®)(u)| < cy/u for
all0<u<sas.

Use (2.2) and (2.8) to see that for ¢ bounded and measurable

(t) c
(2.12) E($(X®)=E (¢(Xt(t))¢0 (%)) o=[ oyt ?)o(y)? m(dy).

To establish the Markov property, fix 0 < s < t and note that (2.7) and (2.8)
imply

(t)
= ] 0(y(s,t, X)),
cos Yo < NG ) (¥(s )

where ¢(s,v,X§s) ) denotes the right side of (2.7). Therefore if ¢ is a bounded
measurable function on C|0,s] and ¢; is a bounded measurable function on R,
then

E(61 (X2, u < 8)o(X)) = E(¢1(XP,u < )X 1o (X /)8

dPx
dPx(z)

(2.13)

(by (2.8))

= B(¢1(X,u < 8) P2 ($a(-Jbo(-/VD)(X))8  (Theorem 2.2)
= E($1(XP,u < 8)P ($2(ho(-/ VD)) (X)0

X Po(X2°//3) 107 (s, 8, X)) by (2.13).

This shows X is a Markov process with transition function

P, :(z) = P ($()vo(-/VD))(@)vo(z/v/3) (s, t,2),  |a] < ev/s.

It is now a straightforward computation to show that the above expression equals
the right side of (2.9). Since (2.10) is clear from (2.12), this completes the proof. [J
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_ We now recall some well-known results about the Ornstein—UhlenbeckAprocess
Zs, killed when it leaves [—c,c] (¢ > 0). Denote this killed process by Z;. The
semigroup of this process is denoted by
pt¢(~"3) = f’fqﬁ(z)
and maps Co[—c, ] to Cp[—c, c], where
Co[—c,c] = {¢ € C[—c¢,c]|p(xc) = 0}.
If A = A° denotes the infinitesimal generator of P, then A = A on
D(A) = {F € Cp|—c, c]|F'is continuous on (—¢,c) and AF € Co|—c,c|}.
(See Knight (1981, p. 93) and note that the continuity of (d*/dz)(d/dz)F for
F € D(A) allows one to replace d* /dz with d/dz.)

PROPOSITION 2.4. (a)

Pig(z) = | $W)(t,z,y)m(dy) fort >0,
where

(2.14) Bt 2,y) = P°(t,2,9) = D _ e " n(2)¥n(v),
n=0
and the convergence in (2.14) is absolute and uniform in (t,z,y) € [€,00) X [—c, c]?
for each € > 0. .
(b) For each (t,y) € (0,00) x [—¢,¢], B(t,- ,y) € D(A) and

A 0)@) = 2p(t,29) = = 3 A (@),

n=0

R =~ _
5Btz y) = Y e ()i (y),
T n=0
where the series converge absolutely and uniformly on [e,00) X [—c,c]? for each
€ > 0. Moreover, p(-,-,-) is C% on (0,00) x [—c, c]?.

PROOF. If
pn(tz,9) Ze"‘"twn(iv)tlin(y),

n=0
then it is well known (see e.g. Lemma 3a of [10] and its proof) that pn(t,z,y)
converges absolutely and uniformly on [e, ool X [—c,c]? for each ¢ >0 as N — oo
to a density, with respect to m, p(t, z, ), for P,¢(z). Clearly pn(t,-,y) € D(A) and

N .
AN (t9))(2) = = ) Ane 2 (2)9hn (v).
n=0
Ife >0, then for t > €, large enough M (depending on ¢) and N > M,

Z Ane™ 29, (2)] [9n (y)]
N 12 , § -1/2
(E e—)\nt/Z,(p ) (E e—/\"t/2,¢n(y)2) .

M M
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The right side approaches zero uniformly on [e, 00) x [—c, cJ? as M, N — oo by (a).
Since A is a closed operator, it follows that p(t,,y) € D(A) and

Ap(t, - v)( Exe“wn Jn(y) = oot 3).

ot

The last equality follows from the absolute and uniform convergence of the series,
which also shows (8p/8t)(t, z,y) is continuous on (0,00) X [—c,c]?. Note that if
D.(t, z,y) denotes the partial derivative of p with respect to z, then

%612/231( TPt 2,y) = Al ) (2)

(2.142) oo

Z e 4 (2)n (1)-
Multiply both sides by e=%'/2 and integrate from 0 to z to obtain

1(6_12/2‘ (t z, y) Px(t 0 y an —,\ t/ A¢ “22/2dz

2 n=0
= e 7 /2pz t,z,y) an —)\nte—xz/2¢;(x)‘

Here we have used symmetry to show that p.(t,0,y) = ¢, (0) = 0 and the expression
for A given in (2.14a). Since the above series converges absolutely and uniformly
on [g,00) X [—¢,c]? for each € > 0, p, is continuous on (0,00) X [—c, c|? and hence
S0 is Pz by the joint continuity of A(p(t,-,y))(z). Finally, a direct differentiation of
the above series expansions for p; and p, shows that p;; and p,; are also continuous
n (0,00) X [—c,c]2. O
Notation. (a) If ¢ >0, ¢ € C[—c,c], t >0 and z € (—c,c), let
P¢(x) = P{g(z) = P (vo(c)g)(z)vho(c)(z) ~tero ).

(b) Let X*°(t,w) denote the process constructed in Theorem 2.3(b), and de-

fined on the canonical space of continuous paths (ﬁ, 7 7, Pxo), and let Y°(u) =

X>(e*)e /2 for u € R. We write P for Px« if there is no confusion with our
earlier notation.

THEOREM 2.5. (a) Fiz ¢ > 0. If ¢ € C[—c,c], P.¢(-) has a continuous ez-
tension to [—c,c]. {P:|t > 0} is then a strongly continuous Markov semigroup on
Cl—c, c] with infinitesimal generator

AF(z) = A°F(z) = §F"(z) + (¥(2)/%o(z) —2/2)F'(z), 2] <c,
. D(A) = {F € C|—c,c]|F" is continuous on (—c,c), AF € C|—c,c]}.

{P,] > 0} is the semigroup of the diffusion on (—c,c) with scale function

8(z) = 8(2) = /Oz &' o(c)(y) ~dy

and speed measure

2dm(z) = 2dme(z) = 2¢o(c)(x)? dm(z).
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Each of the end points {£c} s an entrance but not an ezit. 3

(b) If ¢ > 1, Y°(u) s the stationary diffusion on (—c,c) with semigroup Pf
and stationary measure m¢. More specifically, if T is a finite {FY " }-stopping
time, then

(2.15) E(p(YRINFET) = P,o(YL) a.s. for ¢ bounded measurable.

PROOF. (a) Since p(t, ¢, y) = 0, 8p/0z(t, z,y) is continuous on (0, 00) x [—c, c]?
(Proposition 2.4) and g(+c) # 0 (or else o = 0 by the classical uniqueness
theorem for ODEs), an elementary calculus argument shows that

(2.16) p(t,z,y)/¥o(z) has a continuous extension to (0,00) x [—c, ¢]?.
Therefore if ¢ € C[—c,c|,

~ Cc A Aot
Poo(z) = /_ c (¢, z, y)wo(ﬁng) m(dy) e

has a continuous extension to [—c,c]. Proposition 2.4 shows that Pypo = e~ oty
and hence P, is a Markov semigroup on C[—c,c|. To prove the strong continuity
of {P,}, take F € C2[—c,c] such that F'(+c) = 0 and show there is uniform
convergence in z as t | 0 in (2.17) below.

Let F € D(A). Since

(P,F(z) — F(z))t™! = vo(z) "L ot (Py(Fepo)(z) — Fupo(z))t™?
+ (et — 1)t F(z),

clearly Fiyo € D(A). This implies F” is continuous on (—c,c) and allows us to
obtain

(2.17) (BF(z) — F(z))t™!
= yo(z) " Letot /t P, (A(Ft[)g)) (z)dut™! + (e*t — 1)t~ 1F(z)
0
— Yo(z) T A(Feo)(z) + MoF(z), ast— 0+,Vz € (—c,0)

_ Y0(2) vy
= AF(z) + 1[)E(QB)F (z) = ApF ().

Therefore
(2.18) D(A) C {F € C[—c,c]|F" is continuous
on [—c,c] and AgF € C[—c,c]} = Dy,

and A = Ap on Dy. Since Ag with domain Dy is the generator of the diffusion with
scale function and speed measure § and 2/, respectively (see Knight (1981, pp.
91-92), but note we may change the right derivatives to derivatives in this case),
it follows from Williams [1979, p. 113, Lemma (5)] that there is equality in (2.18).
The classification of the endpoints follows from Knight (1981, p. 182).

(b) (2.11) implies Y,2° € (—c,¢c) for all u > 0 a.s., and an easy computation using
(2.9) shows that if ¢ is bounded and measurable, then

E(@(Y2)Y® <) = P_d(Y®) as. V—o00o<s<t.
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Since P,:C[—c,c] — Cl—c,c], (2.15) follows from the usual proof of the strong
Markov property for Feller processes. Finally, it is clear from (2.10) that Y *°(u)
has law m and hence that Y *° is a stationary diffusion. O

If ¢ > 1is fixed, let
f, = (ﬁv i)iaﬁaot’Pz), TE ["C, C],

be the diffusion with semigroup {PB,} and defined on the canonical space of paths,
C[0,00) = (1. Since +c are entrances but not exits, we have

PE(Y(0)=+c) =1 and P*(|Y(t)| <cforallt>0)=1.

Moreover, it is clear from Theorem 2.5(a) that P > P asz — +c. P s the
law of {Y°°(u)|u > 0}, and it follows easily from the definition of {P,} that for any
#-measurable random variable R: () — [0, 00),

(2.19) E*(R) = E*(R(2)%0(Z)I(p > t)ho(z) ', z € (=c,c).

Note that if ¥ is killed at an independent exponential time with mean A5, the
resulting process would be the h-path process obtained from Z, where h is the
positive excessive function (for Z), 1o [see Doob (1984, p. 566)]. Hence, “Y is Z
conditioned not to hit +c”.

It is now a routine exercise to show that X°° and Y are solutions of the
appropriate stochastic differential equations. If

9(y) = —y/2 + ¥o(y) /1o (y),

then
ey B ([ o) = - o) [ oI midy) < oo
If —oo<s<t<oo,let

Wiowt) =¥ = v=(s) - [ o(v)du

Although f(z) = z ¢ D(A), an obvious pointwise approximation of f and its first
two derivatives by functions in C?[—c, c] whose first derivatives vanish at +c allows
one to apply Dynkin’s formula to f to get

(2.21)

E(}/too - Ysoolj;yoo) jjt—sf(ysoo) - Ysoo

2 ([ othae) = & ([ otz ™),

whence

W(s,t]|F¥*)=0 for —co<s<t< oo.
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Also, for s < t,
¢ 2
E(W (s, 0P|7Y™) = E ((Y‘”(t) -/ g(Y.:”)du) - Y°°<s)2|f,Y°°)

(use (2.21) twice)

_ t—s _ . t—s . 2
= EY” (Yt“’_, -Y2-2 /0 Y;_sg(Y,)du + ( /0 g(Yu)du) )

=5 ([ And) -2 ([ B OGP

+EYT (( [0 . g(f’u)du>2> ,

where h(z) = z2, and the application of Dynkin’s formula is again justified by
approximating h by functions in D(A). By (2.21) the above equals

t—s t—s
(t—s) +2EY+ / Yug(Y,)du — 2EYs Y.g(Y,)du
0 0

DY ( /0 T ( /0 g(f’w)dw) g(fz,,)du)
+ EY> <(/0t—.sg(l~/u)du)2> =t—s.

It follows that W is an { ¥ }-white noise on R (with respect to Lebesgue measure).
Hence, Y is a solution of

t
(2.22) Y, -Y>X =W(s,t +/ g(¥:°)du for —oo <8< t< o0,
-]

where g(y) = —y/2 4+ ¥5(y) /%o(y).

W (s,t] = W (log s, log t] defines an {# }-white noise on (0, c0) with respect to the
measure v(A) = [, t~1dt. If

Be = / u1/2dW(u),
(0,t]
then it is easy to see that § is on {%}-Brownian motion. For s > 0 fixed,

{Y>°(logt)|t > s} is a semimartingale by (2.22), and so an integration by parts
gives

X© — X = t1/2Y®(logt) — s1/2Y*(log s)
¢ t
= / Y*(log u)%u_lndu +/ u'/2d(Y * (log u))

_ / X% (w)(2u)du+ s — B,

t ’
E oo _1 oo .
+/’ <¢°(Y (logu)) = 3¥ (logu)> ul/2y~1du.
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(2.23) X§°—X§°=ﬂt—ﬁs+/ Z((;(\/’)j%

As in the proof of (2.20), ones gets

(2.24) E(/ zg<\/.) jﬁ><oo vt > 0,

and hence we may let s | 0 in (2.23) and conclude that

t 0o
(2.25) Xt°°=ﬂt+/0 %(%) %, t>0.

In particular, (2.24) and (2.25) show X* is a semimartingale. In fact it is not
hard to show that equations (2.22) and (2.25) uniquely determine Y*° and X°°,
respectively.

THEOREM 2.6. (a) If W is a white noise on R (with respect to Lebesgue
measure), there is a unique solution {Y>°|lu € R} of (2.22). The solution has
the same law as the stationary diffusion described in Theorem 2.5(b).

(b) If B¢ is a Brownian motion (Bp = 0), there is a unique solution {X*|t > 0}
of (2.25). The solution has the same law as the inhomogeneous diffusion described
in Theorem 2.3(b).

We need a result that follows from Kunita [26, Theorem 5.2] and Yamada and
Ogura [25, Theorem 3.1]. A is added to R as the point at co.

THEOREM 2.7. Let 0,b:(—c,c) — R. Assume there are constants {K,} such
that

lo(z) — a(y)] + b(z) = b(y)| < Knlz —y| forz,y € (—c+n"'ce—n71),
Let 8 be an F2-Brownian motion on (010, 70, 0, P9). There are measurable map-
pings X:[0,00) X (—¢,c) x @ = RU{A}, T:(—c¢,c) x Q@ — [0,00] such that
(a) For each z in (—c,¢), Xt( ) is an {F0}-adapted solution of

X, =42+ fo X,)dBs + fo b(X,)ds, t < T(z) a.s.,
A, t> T(z)
trl%‘l?) | Xi(z)| =c¢ if T(z) < o0 a.s.
If X', T' also satisfy the above (z fized), then X' = X(z), T' = T(z) a.s.
(b) T(-) is lower semicontinuous and X(-,-)(w) is continuous on the open set
{(t,2z)|t < T(2)} a.s.
(c) Fora.a.w,if —c<z<y<candt < T(z)AT(y), then X(t,z) < X(t,y). O

Although these results are stated in the above references for ¢ = oo, they follow
on a finite interval by mapping R diffeomorphically onto (—c,c). The pathwise
uniqueness in (2.26) allows one to apply the method of Yamada and Watanabe (23]
to conclude that uniqueness in law holds in (2.26) as well.

PROOF OF THEOREM 2.6. (a) Apply the above result witho =1, b=g, 8 =
W (—n,—n + t] to obtain X, (t,z) = X(t + n,z) and T, (z) = T(z) — n, where X
and T are as in the theorem, satisfying

(2.26)

t

(227)  X,.(t,z) =z + W(-n,t] +/ 9(Xn(z,s))ds, —-n <t < Ty(z).

-n
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The arguments leading up to (2.22) and uniqueness in law in (2.27) show that
t — Xn(—n +t,z) has law P®. In particular, T,(z) = oo a.s. for each z, and
therefore T),(z) = oo for all z a.s. (see Kunita [26, p. 70]). The monotonicity of
Xn(t,-) allows us to define
Xn(t,£c) = lim X,(t,7) € [~e,q], t>-nas
lzl<e
The law of X, (—n+t, +c) is P£¢ because P* ¥ P*c ag z — +¢, and, in particular,
| Xn(t, £c)| < c for all t > —n a.s. Note that g(X,(s,z)) | 9(Xn(s,c)) as 2 T ¢ by
the monotonicity of g (Lemma 4.3(b)). Use the monotone convergence theorem to
let z T ¢ in (2.27) and get
¢
(2.28) Xn(t,¢) = c+W(-n,t] +/ 9(Xn(s,c))ds, —-n<tas.

-n
If m >n, Xp(t,c) = Xn(t,Xm(—n,c)) for all t > —n a.s. by pathwise uniqueness
in
t
Xt = Xm(-n,¢) + W(—n,t] +/ 9(Xs)ds, | Xt < ¢, t>—n.
-n
The strict monotonicity of X, (¢, -) therefore shows that for a.a. w, m > n, t > —n,

(2.29) —¢ < Xn(t,—c) < Xpm(t,—¢) < Xm(t,c) < Xn(t,c) <c,
and we may define
Xel)= Jim Xn(to)€ (-, LR,
where the limit is strictly decreasing and in (—c,c) by (2.29). Let n — oo in (2.28)

and use monotone convergence again to see that X is a solution of (2.22). If Y is
any solution of (2.22), then pathwise uniqueness in (2.27) shows that

(2.30) Y(t) = Xn(t,Y_p) < Xn(t,c) fort> —nas.

Let n — oo to obtain Y (t) < X4 (¢t) for all ¢t € R a.s. Similarly one can construct
a solution to (2.22), X_, such that X_(¢t) < Y(¢) for all t € R a.s. and for any
solution Y of (2.22). Pathwise uniqueness would now follow if we show the law of
Y, is 7 for any solution Y, as this would force X_(t) = X (¢) a.s. Fix t € R and
such a Y. If y, is the law of Y(—n), then (2.30) shows that for t > —n,

(231)  P(Y,cA)= /_ ’ /A B(t + 1,2, y)o(z) " o ) dm(y)e*®® dun (z).
If
r(t,z,y) = ) e A=Aty (), (y),

n=1

then (2.14) shows that for s > 1,
(232)  [B(s,z,9)%0(2) " %" — Yo (y)| < €= 17200 r(s, z,y) o ()

o0 1/2
< em(hi=do)s (Z e'(’\"_’\‘)slﬁn(z)z)

n=1

oo 1/2
x (Ze-“"-*“swn(y)"’) Wo(z) 7
n=1

< e A (5(1, 7, )y ) 2)24(1,y,9) /2
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Proposition 2.4(b) implies f(z) = p(1,z,z) is C? on [~c,c] and f'(£c) = 0, which
in turn implies that p(1,z,z)1o(x)~? is uniformly bounded on (—c,c). Therefore
there is a constant K such that (2.32) is bounded by Ke=(*1=20)s Let s =t + n,
substitute this bound into (2.31) and let n — oo to see that P(Y; € A) = m(A).
(We have used the fact that u,((—c,c)) = 1— see (2.30).) This completes the proof
of (a).

(b) As above, it remains only to prove pathwise uniqueness in (2.25). Before stat-
ing Theorem 2.6, we showed that if Y is a solution of (2.22), then X, = t'/2Y (logt)
is a solution of (2.25). It is just as easy to go in the opposite direction. This
correspondence and (a) give the result. O

All the results of this section remain valid (with the obvious changes) if [—c¢, c|
is replaced with a finite interval [c1,c2] containing zero. In fact one may take
¢1 = —00 or ¢z = +00 in Theorems 2.2 and 2.3. If [c;, cz) = [0,00), then X(¥) is
the Brownian meander on [0,v] [see Iglehart (1974)].

3. A stochastic differential equation for Brownian motion at a slow
point. Throughout this section we work in the filtered space (Q1, ¥, %, P) described
in §1 and use the notation introduced there. We will show that the Brownian path
at a slow point, i.e. X(*), is a semimartingale and in fact satisfies a stochastic
differential equation analogous to (2.25). Instead of deriving this equation from
Theorem 2.2, we use a “grossissement d’une filtration” because it is a more “con-
crete” method, involving only processes on ({2, ), and was the way the equation
was originally found.

We fix v > 0 and usually suppress the dependence on v in our notation. The
definitions of S = S, and A (as in (1.2d)) in §1 imply that

R =S +v =inf{t|A(t) > v}
is an { % }-stopping time. If s < ¢, then
{§<s}={S<t}NFs as,
where
Fy={A;>t—s}UJA <t—s, sup A, >v} EF.
ug‘r,'" At
Therefore S is an honest time in the sense of Meyer, Smythe and Walsh (1972) or

Barlow (1978), and we can use an enlarged filtration to study X(). If {G,} is the
smallest filtration, satisfying the usual conditions, that contains {%} and for which
S is a stopping time, then Xt(v) is an {¥;}-semimartingale where ¥; = Gs4¢ [see
Barlow (1978, Theorem 3.10)].

Let C; = I(t > S), and let !C and C' denote the optional and dual optional
projections of C (with respect to {%}), respectively. Then M; = 1C; — C} is a
square integrable (at 0o) {7 }-martingale, and [see e.g. Barlow (1978, Theorem A)]

S+t
(3.1) W, = X _ / (1Cu)~1d(B, M)s
S

is a square integrable (up to finite times) { ¥ }-martingale. Here (B, M) is computed
with respect to {%}. The second term has continuous sample paths of bounded
variation on compacts. Therefore [W]; = t, and W must be an {¥,;}-Brownian
motion. We must now compute !C and (B, M).
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Let

[

(3.2) h(t,z) = P*(p(c) > t) = / B(t,2,y) m(dy).

—C
LEMMA 3.1. (a) h has continuous second-order partial derivatives on (0,00) X
[—C, C]'
(b) For each t > 0, h(t,-) 1s increasing on [—c,0] and decreasing on [0, c|.

PROOF. (a) Differentiating inside the integral in (3.2), we see from Proposition
2.4(b) that h is C% on (0,00) X [—c,c].
(b) The strong Markov property shows that for 0 < z; < z2 < ¢,
P (p(c) < v) = ™ (I(p(z2)(w) < v) EZCEDD p(e) < v — plz2)(w)))
< P™(p(z2) < v)P™(p(c) <)
< P*2(p(c) < ).
It follows that h(t,-) is decreasing on [0,c] and by symmetry is increasing on
[—¢,0]. O
LEMMA 3.2.
10, = h(log(v/A(t AR)),Y (t AR)A(t A R)~Y?)I(A(t A R) > 0).

Here Y is as in (1.2d).
PROOF. Since R is an {7 }-stopping time, the right side is clearly optional. Let
T be an {#}-stopping time. Then {T' > R} € #r, and so

(3.22) P(T > S|#)I(T > R) = I(T > R)
' = h(0,Y(R)A(R)"V*)I(A(R) > 0)I(T > R) a.s.
Checking {T < R}, we get for a.a. w,
P(T = S|#7r}H(T < R)(w)
=P(|B.~ B,-| < C(t - ) Y2 vt € [T, 77 +9]|F)I(T < R)(w)
= PBM-Br)@)(|B,| < ¢(s + Ar(w))Y/? Vs € [0,v — Ar(w)])
x I(T < R)(w)
= PYMAM @) (|1B,| < e(s + 1)/? Vs € [0,0Ar(w) " — 1])
x I(Ar >0, T < R)(w)
= h(log(v/Ar), Y (T)A(T)"Y?)(w)I(Ar > 0, T < R)(w).

This together with (3.2a) implies the result. O
A formal application of Itd’s formula yields

tAR v
0= [ o (2) ot a3
0 s

This is true, but a rigorous derivation of the above poses a few technical difficulties
because Y is not an { % }-semimartingale if A\g(c) > 1/2. For our purposes it suffices
to show that

(3.3) (B,M)s4: — (B,M) —/Mvh log ¥, X2 ) 51724
* k) S+t ) S = o T gs,\/g S.
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PROOF OF (3.3). Let
Dy ='Cg4s —'Cs = Mgy — Ms + (CL,, — C}).
Then D is an {};}-semimartingale and, by Lemma 3.2,
(3.4) D; = h(log(v/(t Av)), X(t Av)(t Av)~/2).
If 0 < t < v, choose 6 € (0,t) and use It6’s formula to conclude

t 1 v Xs v Xs —1
(35) Dt = D5 +/6 <§hzz <10g g, %> - hs <10g g, %>) S dS
¢ v X 1
Z s ) g1/2
+/6 h, (log S \/5) s dX,.
Recall that (B, M) = [B, M] is independent of the filtration, so for ¢ as above,
(3.6) (B,M)s4t—(B,M)s =[X,D]:

= X, D) +/th log 2, X2 ) s-124x, X
= ) é s T gsa\/g ) ]
v

t X
= [X, D]s +/ hg (log; —3) s~ 1/24s.
6

Therefore, if |[X, D]|(s) denotes the total variation of [X, D] on [0, s], then
v v X
h:c ) 2
/0 <I°g BNE )
=|[X,D]|(v) < o0 a.s.

Let § — 0+ in (3.6) and conclude that

¢ v X
- = h,(log? 22) s~ 1/24
(B M)s~ (B.M)s = [ e (tog2, 52 ) 520
for 0 < t < v and hence for 0 < ¢t < v. (3.4) shows that
(B) M)S+t - (B)M>S = [Xs D]t = [X’ D]t/\v = (B’ M)S+(t/\’v) - (B)M)Sv

and (3.3) now follows from the above. O
It is now an easy matter to deduce the main result of this section.

s™Vds = Jim |(X,Dll(v—6) - |[X. D]|(6)

THEOREM 3.3. There is an {¥;}-Brownian motion, Wy, such that

tAv (v)
(v) _ hs v Xu ) duoo o
X Wt+/0 h(bgu’\/ﬁ)\/ﬂ >0.

PROOF. If W, is the {};}-Brownian motion defined by (3.1), then (3.1), (3.3)
and Lemma 3.2 imply the above equality. [
Notation. If r > 0 and v > 0, let

S™? = inf{t > 7,|A(t + v) > v},
XY = B(t+ S™") — B(S™).

{G"} denotes the smallest filtration, satifying the usual conditions, that con-
tains {#} and for which S™" is a stopping time.

U __ ATV
)‘(t - gSr,v+t'




BROWNIAN MOTION AT A SLOW POINT 759

REMARK 3.4. It is easy to see that X™¥ and X" have the same law. In-
deed, the strong Markov property of (A,Y) (see (1.2d)) shows that (A],Y;") =
(A(t+1,), Y (t+7)) is equal in law to (4, Y). Now note that, since #(Z'%) = ?;(A’Y),
there is a measurable map ¢(*): D([0, 00), R?) — D([0, 00), R) such that

X =¢M(4Y), X =¢0AY) as.

(See the proof of Theorem 13 in Greenwood and Perkins (1983) for an explicit
construction of such a ¢(¥).)
By making only minor changes in the above arguments, one can show

THEOREM 3.5. There is an {},’"}-Brownian motion, W™, such that

tAv 7,V
X = W +f % (1og3,-X—“—) N =
0 v Vu ) Vu

4. Local time at a slow point. We now consider the behaviour of Brownian
local time at a slow point and, in particular, prove Theorem 1.2. It will be easier
to study the local time of the continuous semimartingale X°°, and therefore for
most of this section our setting will be the canonical space (), 7, %, P) introduced
before Theorem 2.5. As usual, ¢ denotes a fixed constant greater than one. The
decomposition (2.25) and Yor (1978) show that X has a jointly continuous local
time given by

t
LF(X*) = lim. /O I(X*°(s) € [, 7 +&]) ds e~

To introduce a local time for Y*°, we prove

PROPOSITION 4.1. (a) Let My be a continuous local martingale, V; be adapted
and have continuous sample paths of bounded variation on compacts and X = M +
V. IfY(u) = X(e*)e */? (u € R), then for a.a. w,

W) D)ot = tim [ 10 €+ e d e,
—0<s8s<t<oo, yER,

defines a family of random measures on the line, which we call the local time of Y.
LY(Y')(s,t] is jointly right-continuous in y and continuous in (s,t) a.s. Moreover,

logt
LO(X) = / /2dIO(Y) V>0 a.s.

—00

(b) If, in addition, Y (u) and Y (—u) are equal in law, then t — L9(X) is equal
m law to

o o]
t— e v/2dL(Y).
log1/t

PROOF. Since Y,(u) = {Y(u)lu > —n} is a continuous semimartingale (inte-
gration by parts), the existence of

L) = Jim, [ 1Y€y + e d(n)(e)e,

t>-n,yeR, neN as,,

proves the existence and continuity properties of L¥(Y).
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For a.a. w and 0 < g < t,

1800 - 18,00 = Jim [ 1(/3 (og) € 0,8 (),

logt
= lim I(e¥/?Y (u) € [0,¢])e e d((M)(e*)) e™*
e—0+ log to
~1/2 log(t/\ezy_z)
= llm/ e“dL¥(Y)dye!.
E—-'0+ logto

Use an mtegratlon by parts and the right-continuity of local time in the space
variable to conclude that

82 82
lim e“dLy(Y) = / e“dL(Y),

y—0+ s1

where the convergence is unlform for (31, s2) in compacts. Therefore

log(tAe?y~2)
LY(X) — = hm/ e“dLO(Y)dye!
e—0+ logto
logt L o
= lim / dy e e*dL, (Y
e—0+ log to 0 u( )
logt
= / e“/2dLo(Y).
log to

Let to | O to obtain (a). (b) is obvious. O

Note that (X,Y) = (X°°, Y ) satisfy the hypotheses of (a) and (b).

The following standard results on stochastic differential equations with reflecting
boundary conditions will prove useful.

PROPOSITION 4.2. Let W, be a 1-dimensional Brownian motion.
(a) If b 1s Lipschitz continous on [0,00), then there is a unique solution (both
pathwise unique and unique in law) of

t
1
Xt =Wt+/0 b(Xs)d3+§L?(X), Xt >0.

(b) Ifa > 0 and b is Lipschitz continuous on [0, a], then there is a unique solution
(both pathwise and in law) of

¢ 1 1
X, =W, +/ b(X,)ds + 5L?(X) - 5L;‘(X), X; €[0,a].
0

PROOF. (a) is essentially due to Skorokhod (1961) (see also El Karoui and
Chaleyat-Maurel (1978, Proposition 1.2.1) for the proof that the above equation is
equivalent to that considered by Skorokhod). The method of Yamada and Wata-
nabe (1971) shows that uniqueness in law holds.

(b) follows easily from (a) [see the remark of Skorokhod (1961, p. 265)]. O

Although v may be explicitly described in terms of confluent hypergeometric
functions, the elementary properties we will need can easily be derived from the

equation Ao = —Aoto, Yo(£e) =
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LEMMA 4.3. (a) 9o s an even function such that ¥y < 0 on (0,c] and ¢g < 0
on [—c¢,c].

(b) ¥6/%0 1s strictly decreasing on (—c,c).

(¢) If0< é < c, then

o(c)()/vo(c)(z) > ¥o(€)(x)/%o(é) () Vz € (0,).

PROOF. (a) Since 1 is the unique eigenfunction for —\g, 1o must be even, and
hence 95(0) = 0. If ¢y(z) < 0 for some z in [0,c), then ¥ (z) < —2Aotho(z) < 0.
Taking z = 0, we see that zo = inf{z > 0|¢)5(z) > 0} > 0 (inf & = 00). If z¢ < 00,
then

o
vhtao) = [ wi@)da <0,

0
a contradiction. Therefore ¥5(z) < 0 on (0, c| and so is

5 (z) = 2¥o(z) — 2h0tbo(z).

By symmetry 1§ < 0 on [—c,c].

(b) (¥h/%0) = (Vo — YE)¥52 < 0 on (—c,c).
(c) Let

Je(a) = Ub(e)(@) o(e)(#) = - log(to(e)(x)) for [e] <c.
Then Ay = —Agt)g leads to
(4.2) fil@) + fe(2)? = (2/2)fe(z) = =2Xo(c), Izl <c.
Therefore if 0 < ¢ < ¢,
£(0) = =22(e) > —20(&) = £X(0),

where we have used the strict monotonicity of Ao [Greenwood and Perkins (1983,
Proposition 2)]. Let

z; = inf{z € (0,é)|f.(z) = fi(z)} >0 (by the above),
where inf & = oo. If £; < 00, then
o) = [ rwn> [ sty = sitan),
and, since f.(z) < 0 on (0,¢) (by (b) and f.(0) = 0), we get
(4.3) fe(z1)? < fa(z1)?, = z1fe(21)/2 < —z1 fo(21) /2.

On the other hand, (4.2) implies (if z; < 00)

(Fele)? = elan)) = (falor)® - Zfe(31)) = 220(@) — 2role) >0,

which contradicts (4.3). Therefore z; = oo, and hence f.(z) > fz(z) for z €
(0,¢). O
We are indebted to Terry Lyons for the proof of the following key result.
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LEMMA 4.4. There 1s a constant K such that for allz > K andt > 0,

Ty (0)+t — 5 :
. ( /0 e (5= Tr= O)/24[0(y>) > z) < exp{_(%@"} '

PROOF. If Y(t) = Y*°(Ty=(0) + t) and g is as in (2.22), then that result, with
8 = Ty = (0), shows there is an {#Y }-Brownian motion, Wp, such that

V() =Wo() + [ o(Ve)ds.

An application of Tanaka’s formula shows there is an {%Y }-Brownian motion, W,
such that

YOI =W+ [ san(T)o(¥s)ds + 1Y)
(4.4) 0

— W)+ /0 o([Yal)ds + LO(Y),

where we have the fact that 1 is an even function. By Proposition 4.2(b) there is
a unique solution Y (t) of

2

If V(t) = |Y(t)] — Y(¢), and k is chosen so that |g(z) — g(v)| < k|z — y| for z,y €
[0,¢/2], then

PO =W+ [ olfds+ 1100) - 3L, fie[0F].

Vi) = - /0 "1V, < oy,

[ 10%1 < Fta(%) - avapyas - [ 100 < F)argcv)
0 0

w3 [ 0vl <oazsy - 5 [1(iv e < §) )

<k/ (Y| - Y, ds—k/V ds.

Take expected values in the above and apply Gronwall’s Lemma to see that V,” =0
a.s., and hence Y; < |Y;| Vt > 0 a.s. Therefore for a.a. w and all 0 < t; < tg, we
have

LY)-LY(Y)= lim 5 I(lY | €[0,e])dse™!

t2 .
< lim %/ I(Y, € [0,¢])dse?
t1

= S (L8,(7) - 13,()),

and hence

t t R
(4.5) / e ¥2dLoY) < % / e 2 LAY) Vt>0as.
0

0
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Now let f(z) = (2/c)(z — ¢/4)? and use Itd’s formula to see that
SR+ 3820) = 1@ - 1) + [ 1w+ [ othids+ 2
=3 [ erasd < [ a0 - 12)

t t
+ Kl/ e~*/2ds +/ e~*/2f"(Y,)dW, (for some K; > 0).
0 0

An integration by parts shows that the first term is bounded, and, by writing the

~

stochastic integral as a time change of Brownian motion (W), we may bound the
right side by

~ t A ~
Ky +W (/ e"f’(Y3)2d3> < K;+ sup W(u),
0 u<l-e~t

where K, < oo is independent of ¢t. We have used the facts that on [0,¢/2], f and
g are bounded and |f’| < 1. Combine the above with (4.5) to get

t
/ e */2dLO(Y) < K + sup W (u)
0 u<1
and, hence, the required result. [
THEOREM 4.5.

1\ -2
lim sup LY(X ) <2t log log —) =1 as.
t—0+ t

PROOF. Fix € > 0. By Lemma 4.4 there is a universal constant Ny such that if
N > NpandneN,

(n+1)N
P / e~ (=nN)/2g10(Y) > (1 + ) (2log nN) /2
nN

N
=P </0 e */2dL%(Y*°) > (1 +¢)(2log nN)l/z) (Y is stationary)
< (nN)—(1+e/2)2.

Choose N > Ny and let
S(u) = / e~ (a=w)/2g [0 ().

The Borel-Cantelli Lemma implies that for a.a. w and large enough &,

o) (n+1)N
S(kN)(2logkN)~12 < 3 / e~ (=mN)/2g[0(y )
nN

n=k

x exp{—(n — k)N/2}(2log kN)~1/2

= —(n- k)N} (lognN)l/2
<(1+¢) exp{
; 2 log kN

<(1+e+6n),
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where limy_, o, 6§ = 0. By the stationarity of S there is a ko(w) < oo a.s. such
that for all k > ko(w), k € N,

S(y+kN)(2logkN)" Y2 <1+e+6y forallye Ly ={i/Nji=0,1,...,N?}.

If u>koN,and k > ko, k € N and y € Ly are chosen so that u € [kN +y, kN +
y+ N~1), then

S(u)(2logu)~2 < S(y + kN)eM)  (21og kN) /2 < (1+ € + 6n)e@M) .
Let N — oo and € | 0 to see that
limsup S(u)(2logu)~ 2 <1 as.

u— 00

Proposition 4.1(b) shows that the processes LY(X>)t~1/2 and S(log1/t) (t > 0)
are equal in law, whence

-1/2
limsup L2 (X ) (2t log log 1) <1 as.
t—0+ t

To obtain the converse inequality, the above equivalence shows that it suffices to
prove

oo
4.6 lim sup e (~W/2410(Y)(2logu) "2 > 1 as.,
u—00 °

where Y (t) = Y°(Ty~(0) + t), as in Lemma 4.4. If W is the Brownian motion in
(4.4), Proposition 4.2(a) shows there is a unique solution Y'! of

t
(4.7) Y=W, - %/ Ylds + %L?(Y‘), Y >o.
0

Moreover, if Z, = Zo(t + Tz,(0)), where Zo(w) = B(e¥)e /2 is the station-
ary Ornstein-Uhlenbeck process with generator A, then Tanaka’s formula and the
uniqueness in law for (4.7) show that Y'! has the same law as |Z]. If V =Y - |Y|,
then (4.4), (4.7) and Tanaka’s formula show that

Vo = / 12 < 15D (32 - 3l + vy ) s
t 0 L] 2 8 2 d)O

_1
2

We have used the fact (Lemma 4.3(b)) that 1§ /10 < 0on [0,c]. Therefore Y;! > |Yy|
for t > 0 a.s. and, as in the proof of Lemma 4.4, we may conclude that

/ C10 < |V ))ALO(v) + / "IV} < 0)dLO(Y) <.
0 0

oo o0
(4.8) / e~ (=W/2410(y) > % / e (=W/2dLo(yY!) for all u >0 a.s.
u

u

The process on the right side of (4.8) is equal in law to

—u—T
e(T+u)/2/ et/2st0(Z0) — €(T+u)/2Lg_(u+T)(B),

— 0o
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where —T = sup{t < 0|Zo(t) = 0}, and we have used Proposition 4.1 with (X,Y) =
(B, Zp) to obtain the above inequality. The law of the iterated logarithm for local
time shows that
limsup eT+¥/2L0_ 7 (B)(2logu)"?2 =1 as.
u— 00

Therefore the above together with (4.8) implies (4.6) and thus completes the proof.
a

Although conditioning B; to lie within square root boundaries does not affect
the “lim sup behaviour” of its local time, we have already indicated in the intro-
duction why it is reasonable to expect that this conditioning will alter its “lim inf
behaviour”. Further evidence of this fact is obtained by noting that

eVt
t= / \/_Lf(X°°)da: < 2¢v/tsup L¥(X™),
—cV't z
and therefore
sup LE(X®) > (2¢)"'vt forall t > 0.

This should be compared with the following result of Kesten (1965):
1/2
litmgr_il_f sup LZ(B)t~'/? <log log %) =~ € (0,00).

Recall the diffusion process Y and its associated measures {P¥} that were in-
troduced after Theorem 2.5.
LEMMA 4.6.

lim sup |P%(Ty(0) > t)ePo@c)=ro(=c:tyy (e c)(z)

t—00 g<z<c

~ 0(0,6)(x) /0 " o(=e, &) ()00, ¢)(y) m(dy)| = 0.

PROOF. (2.19) implies that for z € (0, c),
(49) B(Ty(0) > t) = E*(I(T5(0) > t, pl—c,0) > hbo(c,)(2))
X Yo(—¢,c)(z) etz
= eo(me)=20(0:Dt 00 B=(1(p(0, ¢) > t)gho(—c, ) (Z))]
X Yo(—¢,¢)(2) 7"

Now use the eigenfunction expansion (2.14) and argue as in the proof of Theorem
1.1 in Uchiyama (1980) to get

E=(I1(p(0,¢) > t)ypo(—c,c)(Z))
— R0 [wo(o, o)) /0 Yo(—c,)(u)vo(0, &) (y) m(dy) + 7(t, 3) | ,

where for some K > 0,
#(t, z)| < Ke~(1(00)=20eDt  for all z € [0,¢], t > 0.

The proof is completed by substituting the above result into (4.9). O
Recall that a(c) = [2(Xo(0,¢) — do(—c,¢))] L.
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THEOREM 4.7.
6 .
. _ 1 o tif > alc)
0( yoo 1/2 - — 3
1}%2th (Xt <log t) {0 if0 < alo). a.s.
PROOF. Fix 6 > afc). To prove the above lim inf is infinite, it suffices to show
(by Proposition 4.1(b) and an elementary interpolation argument) that

oo
(4.10) liminf [ e (C~™/2dL0(Y>°)n® >1 as. (neN).
n—oo n
If
on = inf{t > n|L2(Y®) — LO(Y™) > 1},
then
(4.11)

P ( / e~ (/2L (yo)nf < 1) < P(e=(onm/2 < n=%) = P(gy > 20logn),

where we have used the stationarity of Y in the last equality. Let Y (t) =
Y °(Ty(0)+t), and let Ty (t) denote the right-continuous inverse of LY(Y). There-
fore by the strong Markov property we have

(4.12) 00 = Ty (0) + T (1), Ty (0) and Ty (1) are independent.

Ty (t) is a subordinator and therefore

(4.13) E(e?Tt(®) = exp {—t <b/\ + /0 (1- e_l’\"’)u(da:)> } ,

where v is the Lévy measure of 71, and b > 0. (4.13) is usually stated for A > 0
but in fact holds for A € (X', 00), where

/Ooo ey (dz) < oo}

(see Itd (1970, Theorem 4.5) and note that o may be negative in his arguments).
If V = inf{t|ATL(t) > 1} and ~(dz) is the law of Y (T (V —) + 1), then for t > 2,

v[t,00) = v[1,00)P(ATL(V) >t) (It6 (1970, Theorem 4.4A))

= 11, 00) / " BTy (0) > t = 1)y(da)

—C

[e o]

N = inf{/\

<vlt,oo) [ B(BYO(T;(0) 2t - 2)(do)

—C

(4.14)
,'.C( z\o(O,C)—z\o(—C,C))tV[t’ w)

¢ pc
< V[l, OO)/ / ﬁc(l,z,y)¢o(—c, c)(z)——ler(—c,c)e()\o(o,c)—,\o(—c,c))t
—cJ—c

x BY(Ty (0) > t — 2)yo(—c, c) (y)m(dy)y(dz).

(2.16) and Lemma 4.6 show that the right side of (4.14) remains bounded as t — oo,
and therefore by (4.13),

(4.15) E@T:M) < 0o if A < Ao(0,¢) — Ao(—c,c).
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The required asymptotics for P(Ty«(0) > t) are easily obtained from Lemma 4.6
as follows:

e(0(0:0)=2o(=¢.,e))t P(Ty 0 (0) > )
- / ePo0.)=Xa(=c.Dt (T, (0) > thdo(—c, ) (x)m(da).

—C

~2 ( /0 " 90(0, &) (=)o, c)(x)m(dx)f as t — co.

This together with (4.12) and (4.15) shows that
E(e*°) < 0o for A < Ao(0,¢) — Ao(—c¢,c) = (2a(c)) L.
If¢' € (671, a(c)~!), use (4.11) and the above to conclude that

P ( / ” e~ (=24 Lo(Y®)nf < 1) < E(el0/2)70)p, =00
n

The Borel-Cantelli Lemma now implies (4.10) and thus completes the proof if 6 >
a(c).

To complete the proof, we must show that
oo
(4.16) liminf [ e (*=%/2dL%(Y*®)u() = 0.
u

Inductively define {%Y" }-stopping times by
Vo = inf{t > 0|Y*°(¢t) = 0},

Uit1 = inf{t > V;| [Y*°(¢)] = ¢/2},

Vit1 = inf{t > U;+1|Y *=°(¢) = 0}.
Lemma 4.6 shows that
(4.17) P(V; —U; > t) ~ Ke=0(0e)=do(=colt 554, o0 (K € (0,00)),
and the same argument gives

PUiy1 = Vi > t) ~ K'e=Qo(=¢/2¢/2)=do(=c.e)t a5 ¢, o0 (K’ € (0,00)).

The strong Markov property shows that {V; — V;_1|i = 1,2,...} are i.i.d. random
variables, which have a finite mean, u, by the above. (4.16) would follow from

oo
liminf [ e~ C~UI2GLO(Y )W) =0 as.
71— 00 Ui

or, equivalently,

(4.18) liminf W;e=(i=U/2p2() = a5,
1—00

where o
W; = fv e~ (e=VI/2gr0(y ).

The law of large numbers implies U; < 2ui for large 7 a.s., and so (4.18) will hold
if, for every € > 0,

(4.19) Wie~ (Vi—Ui)/2 o gj—e(e) infinitely often a.s.
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If £ > 0 is fixed, then
P(e=(VimUd/2 < g2=2()) = P(V; — U; > 2log(e™2) + 2a(c) log1)
~ Ke=40(0:0)=2o(=ce)i=1 354 — 0o (by (4.17)).
The Borel-Cantelli Lemma shows that
e~ (Vi=U/2 < ¢2;=2(c) infinitely often a.s.

If {tn(w)|n € N} denote the successive times at which the above inequality holds,
then {i, =k} € 7‘); and so is independent of Wy by the strong Markov property.
Since the {Wy} are identically distributed, we get

P(W;, <e!) = i Plin = k)P(Wy < e~1) = P(W; < e7Y),

and therefore
P(W;emVi=U/2 < ¢=2(9) j0.) > P(W;, <e !io0.)
= lim P(W;, < e~ for some n > k) > P(W; < e 1).

k—voo

Note that the extreme right side approaches 1 as ¢ — 0+, while the extreme left
side decreases as ¢ — 0+. (4.19) is immediate, and the proof is complete. [

It is now an easy matter to derive Theorem 1.2(b) from Theorems 4.5 and 4.7.

PROOF OF THEOREM 1.2. Consider (b) first. Recall the definition of X"
made after Theorem 3.3. Since Pxr.» and Px« are equivalent laws on C|0,v] for
any v > 0, r > 0 (Theorem 2.3(b) and Remark 3.4), Theorems 4.5 and 4.7 imply
for a.a. w and all rational v > 0, r > 0 that

1\ ~1/2
limsup L(X™") (26 loglog —> =1,
6—0+ 6

. _ 1\° oo if 0> afc)
0 T,V 1/2 - — ;
lim inf L5 (X™")8 (l°g 5) {0 if 60 < alc).
Theorem 1.2(b) follows by noting that
{r(t-)|r(t=) < 7(t)} = {S™"|r > 0, v > 0, both rational} a.s.

The fact that hmc_,oo a(c) = 1 is immediate from Proposition 2(c) of Greenwood
and Perkins (1983), the proof of which we now modify to establish the monotonicity
of a. Let Pf and R§ denote the semigroup and resolvent, respectively, of the
process, Y¢, obtained by killing ¥ () when it hits 0 (here Y () = Y is the process
introduced after Theorem 2.5). Use Theorem 2.5 and Lemma 4.3.4 of Knight (1981)
(and an easy limiting argument) to conclude that for ¢ > 0 and measurable on [0, c],

(C) - 2/ d(y)3°(z A y)dm®(y) = 2/ ¢(y)G5(z, y)dm(y),

where Ay
Co(z,y) = / /220 (c) (2) 2o (c) () ?dz.
0
If

'll)k(C)(Il?) = wk(oa C)(z)dio(“cv C)(x)_lv TE [0) C)a
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then {x(c)|k = 0,1,...} is a complete orthonormal system in L?([0, ¢],¢), and
for z € [0, c),

P, ($k(0))(2) = E*(r(0,¢)(Z:)I(p(0, ) > t))e* =V gh(—c, ) ()~

(by (2.19))

= e Mt (0)(z).
Here A (c) = Ae(0,¢) — Xo(—c,¢) > 0, and the last line follows from the eigenfunc-
tion expansion of the transition density of the Ornstein-Uhlenbeck process killed
when it hits 0 or ¢ (as in Proposition 2.4(a)). Therefore R§yi(z) = e (c) ™ Yx(z)
and the norm of R, as an operator on L2([0, ¢],m°), is || R§|| = Ao(c)™!
Fix¢>¢>0. If0< 2 < y < ¢ Lemma 4.3(c) implies

Y y
/ o(€) (w)tpo(€)(w) " du < / o(c) (w)vho(c)(u) ™" du,
and, therefore, by taking exponentials one finds

(4.20) $0(€)(¥)/%0(€)(2) < Yo(c)(y)/do(c)(2), O<z<y<e
After extending ¢o(€) to [0, ¢] by setting 1o(¢)(z) = 0 for z € (¢, c|, one gets

Ro(@)? = / *(RE($0(8))(2))rin (d)
/ / / o5 (-5, D) .
Yol D)2
2
X 10(0, 5)(y)dm(y)) dm(z)
([ r o2 /2%0(=¢ ) ¥)tho(=¢, ¢)(z)
< [([ [ erniloainieds,

2
X %o(0, 5)(y)dm(y)> dm(z)

) . ) (by (4.20))
- (@ (&) (“’)) d'(z)

<TG | 0(0.92(@)dm(a)
= Xo(c) 2.
Therefore a(c) = (2Xo(c))~! is strictly increasing on (0,00). O

5. Stochastic integrals and slow points. Throughout this section we work
on the filtered probability space ({2, ¥, #%, P) introduced in §1. Recall also the
processes X" and filtrations {¥;""} defined in §3. We study the behaviour of a
stochastic integral H-B at a slow point in {r(t—)|r(t—) < 7(t)} by first using the
results of §3 to study H-X""(t) near t = 0 and then noting that

(5.1) {r(t— w)lr(t—,w) < 7(t,w), t >0} = {S"*|r > 0, v > 0, both rational}.
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THEOREM 5.1. Letr >0, v > 0 and H be locally bounded and predictable with
respect to {};"*}. If

1 1/2
limsup |Hs — Ho| <loglog —) <00 a.s.,
§—0+ 6

then

limsup |[H-X"*(6)[6"Y? < 00 a.s.
§—0+

PROOF. By replacing H with
H™ = Hy + ((H; — Ho) A (N(loglog 1/t)"/2)) v (—~N(loglog 1/t)~*/2)

and letting N — oo [use the local character of the stochastic integral; Dellacherie
and Meyer (1980, p. 246)|, we may assume without loss of generality that for some
N >0,

|H, — Ho| < N(loglog1/t)~1/2 te(oe™?).

To simplify the notation, take v = 1 and drop the dependence on (r,v). By Theorem
3.5 there is an {};}-Brownian motion, W;, such that X = W + V, where

m [ g 22 2
t = 0 h gs, \/E \/E
If |V|; denotes the total variation of V on [0, t], Tanaka’s formula implies
i ' h 1 X, ds
X:/snX dWs+/snX8—’”<1o —,—s>—+L°X
l tl o g ( s) o g ( )h gS \/3 \/5 t( )
=W, ~ Ve + L(X).

In the last line, W is an {¥,}-Brownian motion, and we have used Lemma 3.1(b)
to show that sgn(z)h.(t,z) = —|hz(t, z)|. The laws of the iterated logarithm for W
and LY(X) (Theorems 4.5, 2.3(b), Remark 3.4) yield

1\ ~1/2
limsup [V; (2t log log —) <2
t—0+ t

Therefore, for some Brownian motion, W, we have for a.a. w,

limsup |(H — Ho)-X(t)[t~/2
t—0+

-1/2
< limsup (I(H — Ho)W(@)[t™2 + |V|;N <tloglog %) )
t—0+

< limsup sup W, |t~Y? + 22N
t—0+ u<tN2(loglogl/t)-1

1 _1\ /2 1 1 1/2 /
< li Z - - t—1/2
< llg gtipN <2t <log log t> ) <log log (t 2 <log log t)))

+2V2N

= 3v2N < .
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Since |Ho-X(t)| < c|Ho|t'/?, this completes the proof. [

PROOF OF THEOREM 1.3(a). If »r > 0 and v > 0, then it is easy to check that
H™?(t,w) = H(S™Y(w) +t,w) satisfies the hypotheses of the previous theorem, and
therefore

limsup |H-B(8™ + 6) — H-B(8™")|6~1/2
50+

= limsup |[H-X""(6)|6*/? (integrals agree for simple H, etc.)
6—0+

< 00 a.s.

Now use (5.1) to finish the proof. O

In what follows, we consider a function o:[0,00) — [0, 1] that satisfies the fol-
lowing conditions:

(5.2a) o is strictly increasing near 0, continuous, and ¢(0) = 0.

(5.2b) o(t3) is concave.

(5.2¢) lim;_,o4 o(t)(loglog 1/t)'/2 = oco.

Define functions f and g on R by

fl@)=zt A1, g(z)=((-2)V(-1) AL,
and k on [O,oo] x R by
k(s, z) = {3(33)9 z/5)f((ev/s — |z])/s), s> 0,

\ s=0.
Clearly we have

(5.3) skw%l+ sup |k(s,z)| = 0.

LEMMA 5.2. Thereis a K > 0 such that for all0 < s <t < s+1, andz,y € R,
|k(s, ) — k(t,y)| < K[(|z|s™ 2+ 1)(t — 8)"/% + |z — y|(t — )" /3 + o(t — 9)].
PROOF. If s,t,z,y are as above, then

(25) - (25

+0(s%)lg(z/s) - gly/t)| + a((t - )*),

where we have used the concavity of o(u®) to arrive at the last term. If s < (t—s)'/3,
then the right side of (5.4) is clearly bounded by 40(t—s). Therefore we may assume
in what follows that

(5.5) 8> (t—s)Y/3.
The right side of (5.4) is then bounded by
cls™V2 — =V 4 2lz/s — y/t| + o(t — 9)

(5.4) |k(s,z) — k(t,y)| < o(s%)

<es™32(t — 8) + 2z|(t — 5)/st + 2|z — y|/t + o(t — 5)

<e(t—8)Y2 4+ 20z|s™V2(t — 8)V2 4 2|z — y|(t — 8)" /3 + o(t — )
(by (5.5)). O

Forr >0, v >0, let H"*(s,w) = k(s, X™"(s)).




772 M. T. BARLOW AND E. A. PERKINS

PROPOSITION 5.3. (a) H™" 1s bounded and predictable with respect to {X;""}
and satisfies limsups_,q, |Hg"lo(8) ™! < oo a.s.

(b)

1 —-1/2 63 -1
limsup |H™ - X™*(68)| | 6 loglog = A >1 as,
6—0+ 6 2

and, i particular,

limsup |[H™ - X"(6)|6"? =0 a.s.
50+

PROOF. As before, we assume v = 1 and drop the dependence on (r,v) in the
notation. H™" is bounded and predictable because X™" is adapted and continuous.
Lemma 5.2 shows that if 0 < s <t <1, then
(5.6)

[H(t) — H(s)| < K[(|Xs]s~ Y2+ 1)(t — )2 + | X, — X,|(t — 8)"V3 +0(t — 8))
<K ()(c+1)(t=s)V2 4 (t— )8+ 0(t —s)]
< Kp(w)o(t —s) (by (5.2¢)).
The Lévy modulus of continuity for B, and therefore X, shows that K,(w) < oo

a.s. Let s | 0 and use (5.3) to complete the proof of (a).
By Theorem 3.4, there is an {¥;}-Brownian motion, W, such that

tAL L Xs) ds
(57) Xt = Wt +‘/0 T <10g8 ,7§> 73

If
o(t) = (2 /Ot o(s®)2%dsloglog ((/Ota(sa’fds) o V e>>1/2 ,

we claim that
t
(5.8) lim sup </ H, dW3> dt)" =1 as.
t—0+ 0

This would follow easily from
-1

(5.9) lim sup /Ot(cr(s3)sgn(Xs) — H,)?%ds </ota(s3)2ds> =0 as.

t—0+
Indeed, the above would imply

/Ot(a(s3)sgn(Xs) — H)dW,

(represent the stochastic integral as a time-changed Brownian motion), and (5.8)
would then follow from

t
limsup/ o(s%)sgn(X,)dW,o(t) P =1 as.
t—0+ Jo

The definition of H shows that to prove (5.9), it suffices to show that
(5.10)

o(t)"1=0 as.

lim
t—0+

-1

t t
lim sup/ 0(s3)21(|X,| < s or | X,| > cy/s — s)ds (/ 0(33)2ds> =0 as.
0 0

t—0+
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If k > 0, (2.2) shows that

E(/o" :

s/" o(®)? [ Iyl < V5 or yl > c— V3)
0

—C

-k

(n+1)—k -1
o(s3)2I(|X,| < s or | X4| > cy/s — s)ds / o(s®)?ds
0

x PY (p(c) > log %) Yo(c)(y)m(dy)

(n+1)"F -1
x f(c)"ts™*ods (/ o(s%)2%ds
0
—k

—3k\ —2 n
< Kio(n=3*)2%0 <(n_+§1_)___> 2(n + 1)’°/ st/2gd0g=2ods  (by (2.6))
0

< Kgn_kﬂ.
The concavity of ¢ is used in the last line to show that
a((n+1)7%%/2) > ((n/(n +1))**/2)o(n=%),

so Ko depends only on k. Let k = 4 and apply the Borel-Cantelli Lemma in the
above to see that (5.10) holds, and hence so does the claim (5.8). Lemma 3.1(b)
shows that

H(s)(hs/h)(logs™*, X,/V/3) > 0,
and therefore (by (5.7))

limsup(H-X)(t)p(t) ™! > limsup(H-W)(t)o(t) !
t—0+ t—0+

=1 (by (5.8)).
The first part of (b) is immediate from the obvious inequality
o(t) > o(t3/2)(tloglog 1/t)'/? for t small enough,

and the last part of (b) is clear from (5.2¢).

PROOF OF THEOREM 1.3(b). Let H(s,w) = k(As(w),Ys(w)). We will show
that H is the required integrand. The jumps of (A4,Y) may be covered by the
predictable times

T, = inf {s > ||V |s™V2 > c}

=nlin;oinf{s>r |Y_|s‘1/22c—%}, re Q0.
The jumps of (A,Y) at T, are 7 _-measurable because Ar, = Yr, = 0. Therefore
(A,Y) and H are both {#}-predictable.

Assume 0 < s <t <s+1<T. If 7= (s) = 77(t), then just as in (5.6) one sees
that

(5.11) |H(s) — H(t)] < Kr(w)o(t — s), K}(w) <ooforall T >0 as.
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Assume that 77 (s) < 77(¢), which implies 7+ (s) < 77(t) <t < T. (5.11) implies
(5.12) |H((7)~) - H(s)| < Kf(w)o(rS — )

and

(5.13) |H(t) - H(r; )| < Kp(w)o(t — 7).

Clearly H(r,) = 0, and the factor f((cy/s — |z|)/s) in the definition of k ensures
that H((r;}})—) = 0. Therefore (5.12) and (5.13) yield

|H(t) - H(s)] < Kp(w)(o(r = s) +o(t —7,7)) < 2Kp(w)o(t - s).

This proves (1.8) for t — s < 1, and the full result follows trivially.
If r > 0 and v > 0 are fixed, then H(S™" +t) = H"”(t) for t < v, and therefore

-1/2 -1
(5.14) limsup|H- B(S™ +t)— H- B(S™")] (t loglog ( >
t—0+

~1/2
= llmsup|H”’ XY (t)] (tloglog ) o < 2>

>1 as. (by Proposition 5.3(b)).

(5.1) and (5.2¢c) complete the proof of (1.9). O
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